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ACCELERATING THE CONVERGENCE
OF THE METHOD OF ALTERNATING PROJECTIONS

HEINZ H. BAUSCHKE, FRANK DEUTSCH, HEIN HUNDAL, AND SUNG-HO PARK

ABSTRACT. The powerful von Neumann-Halperin method of alternating pro-
jections (MAP) is an algorithm for determining the best approximation to any
given point in a Hilbert space from the intersection of a finite number of sub-
spaces. It achieves this by reducing the problem to an iterative scheme which
involves only computing best approximations from the individual subspaces
which make up the intersection. The main practical drawback of this algo-
rithm, at least for some applications, is that the method is slowly convergent.
In this paper, we consider a general class of iterative methods which includes
the MAP as a special case. For such methods, we study an “accelerated” ver-
sion of this algorithm that was considered earlier by Gubin, Polyak, and Raik
(1967) and by Gearhart and Koshy (1989). We show that the accelerated al-
gorithm converges faster than the MAP in the case of two subspaces, but is, in
general, not faster than the MAP for more than two subspaces! However, for a
“symmetric” version of the MAP, the accelerated algorithm always converges
faster for any number of subspaces. Our proof seems to require the use of the
Spectral Theorem for selfadjoint mappings.

1. INTRODUCTION

Let X be a (real) Hilbert space, let My, Mo, ..., My be closed (linear) subspaces
of X with M = ﬂlf M;, and for any closed subspace N of X, let Py denote the
orthogonal projection onto N. The von Neumann-Halperin method of alternating
projections, or MAP for short, is an iterative algorithm for determining the best
approximation Py to x from M. It does this by computing the iterates zy := x and
Tn = (Ppy Prr_y - Paty )@n—1 = (Pay, Pay_y -+ - Pary )™ @. That is, the iterates (z,)
are obtained by cyclically computing the best approximations onto the individual
subspaces M; (i = 1,2,...,k). The method is thus most effective when it is “easy”
to compute the best approximations from the individual subspaces M;. The main
theorem governing the MAP is the following.

Theorem (von Neumann [I8] for k£ = 2, Halperin [15] for k > 2). Let My, Mo, ...,
My, be closed subspaces in the Hilbert space X and let M := ﬂlf M;. Then

lim ||(Par, P, -+ Pay)"x — Pyz|| =0 forall z e X.

In case k = 2, this result was rediscovered in at least six other papers (see, e.g.,
the survey [5]).
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Also, as was noted in [5], there are at least ten different areas of mathematics
in which the MAP has proved useful. However, the main practical drawback of the
MAP appears to be that it is often slowly convergent. Indeed, if M7 + M is not
closed, then Franchetti and Light [11] and Bauschke, Borwein, and Lewis [2] have
given examples showing that the convergence of (Pys, Py, )" to Prrnn, 2 can be
arbitrarily slow!

Both Gubin, Polyak, and Raik [14] and Gearhart and Koshy [13] have con-
sidered a geometrically appealing method to accelerate the MAP, but in neither
of these two papers was it proved that the acceleration scheme considered was
actually faster than the MAP. In this paper, we will prove that this accelera-
tion scheme is indeed faster than the MAP in the case of two subspaces (i.e.,
k = 2) (Theorem 3.23). But, perhaps surprisingly, we show that the acceleration
scheme may actually be slower than the MAP when k > 3 (Example 3.24)! In
contrast to this, we show that a “symmetric” version of the MAP (i.e., gy = x
and zn, = (Pa, Pary -+ - Pu, Pary,_y -+ - Pary )™ for m = 1,2,...) has an accelerated
version which is faster for any k > 2 (Corollary 3.21).

We should also mention that Dyer [10] and Hanke and Niethammer [I6] have
considered methods of accelerating the “Kaczmarz method” of solving linear equa-
tions. (Recall that Kaczmarz’s method may be regarded as the special case of the
MAP in the case when X is finite-dimensional and each M; is a hyperplane.)

2. THE METHOD OF ITERATED PROJECTIONS

To provide motivation for the acceleration results to be established later, in this
section we give a fairly general convergence result which contains the von Neumann-
Halperin result as a special case. In the next section, we will consider methods to
accelerate this general algorithm.

Unless otherwise stated, the standing assumptions are as follows. Let X be a
(real) Hilbert space, My, Ma, ..., My be closed subspaces, M : = ﬂlf M;, and let
P; = Py, denote the orthogonal projection onto M; (i = 1,2,...,k).

Now let

T:= PkPk—l s -P1
denote the composition of the k projections P; taken in increasing order. The
well-known von Neumann-Halperin Theorem states that

lim ||T"z — Pyl =0
n—oo

for each © € X (see, more generally, Theorem 2.5 below). Also, it can be shown
that
lim ||(T*T)"x — Ppx|| =0

for each € X (see Theorem 2.6 below). More generally, suppose T is any bounded
linear mapping from X into itself such that

(2.0.1) lim | T"x — Ppix7z|| =0 for each z € X,
n

where
FixT:={z e X | Tz ==z}
is the fixed point set for T.
We will be interested in determining methods to accelerate the convergence of
the sequence (T"x) to Prixr2. Before we consider such methods, it will provide
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useful motivation to first give some general conditions on the mapping T that will
guarantee that (2.0.1) holds.

The mapping T is called nonexpansive if ||T'|| < 1. We first recall that the fixed
point sets of T" and T* are the same if T' is nonexpansive (see Riesz and Sz.-Nagy
[19] or Riesz and Sz.-Nagy [20l p. 408]).

Lemma 2.1. Let T be a nonexpansive linear operator on X. Then
(2.1.1) FixT = FixT”.

In fact, To = x if and only if (Tx,z) = ||z||? if and only if (x, T*z) = ||z|? if
and only if T*z = x.

Our next observation is a characterization of those linear operators 7" on X that
satisfy (2.0.1). We will use the following notation. If A is any linear operator on
X, we denote the range and null space of A by R(A) and N(A) respectively. We

will also use the well-known fact that N'(A*)+ = R(A) (see [3, Remarks following
Theorem 2.19 on pp. 35-36]).

Theorem 2.2. Let T be a bounded linear operator on X, and let M be a closed
linear subspace of X. Consider the following statements:

(1) limy, |T"x — Pyz|| =0 for each v € X;

(2) M =FixT and T"z — 0 for each x € M~;

(3) M =FixT and T is “asymptotically regular”, i.e., T"x — T" 1z — 0 for

each x € X.

Then (1) <= (2) = (3). If, in addition, T is nonexpansive, then all three state-
ments are equivalent.

Proof. Suppose (1) holds. If x € M, then T"z — Ppyjxz = x. So by the continuity
of T,
Tz =T0AmT"z) = imT(T"z) = imT" M2 = Pyz =2

implies that = € FixT, i.e., M C FixT.

Conversely, let y € FixT. Then Ty = y and an easy induction shows that
y = T"y for each n. Thus y = T"y — Py which implies y = Pyry € M. That is,
FixT c M. Hence M = FixT.

If 2 € M+, then

Tnl‘ = Tn(PMLJ)) - PM(PMLJ)) =0.

This proves (2).
Now assume (2) holds and let € X. Then

Ty = Tn(PMJ) + PMLJ}') = Tn(PMJ)) + Tn(PML.T)) = Pyx + Tn(PML) — Py

Thus (1) holds, and this establishes the equivalence of (1) and (2).

Now suppose that (2) holds and x € X. By the equivalence of (1) and (2),
we have that 7"z — Pyx and so Tz — T" e — Pyx — Pyxz = 0. Thus T is
asymptotically regular, and hence (3) holds.

This proves the first statement of the theorem. To complete the proof, suppose
(3) holds and let T be nonexpansive. Then FixT* = FixT = M by Lemma 2.1.
Then for any z € X, we have that T"(x—Tx) = T"z—T" "z — 0. Hence T"y — 0
for every y € R(I — T') which implies, since ||7"]] < 1 by nonexpansiveness, that
T"y — 0 for every

yeR(I-T)=N({I~-T"" = (FixT*)*: = M~.
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Thus, for any =z € X,
Tz =T"(Pyx+ Pyrx) =T (Pyx) + T (Pyrx) = Pyx + T (Pyrx) — Py,
and this proves that (1) holds. O

Remark. Statement (3) does not imply statement (1) in general. To see this, let X
denote the Euclidean plane and let e; = (1,0) and ez = (0, 1) denote the canonical
orthonormal basis vectors in X. Defining T : X — X by Tz = [2(1) + x(2)]es, it
is easy to verify that T"x = Tz for every n € N and every x € X, so that T is
asymptotically regular, M := FixT = spane;, T"(e1 + e2) = 2e; for every n, but
Pyrr(er + e2) = e1 # 2eq1 = T™(e1 + ea) for every n. Thus, Tz 4 Py (x) when
xr =e] + es.

Corollary 2.3. Let T be nonexpansive on X and M = FixT. Then

lim ||T"z — Pyl =0 forall zeX
n—oo
if and only if T is asymptotically reqular.

Lemma 2.4. Let My, Ms, ..., My be closed subspaces of the Hilbert space X, let
M = ﬂlf M; and let T := Py, Par,_, -+ Puy . Then T is nonexpansive and

FixT =FixT* = Fix (TT*) = Fix (T*T) = M.

Proof. For simplicity, let P; = Pyy,. Since T is the product of nonexpansive opera-
tors, T' is nonexpansive. If z € M, then x € M; for each i so that P;x = x for each
i and hence Tx = z. That is, M C FixT. Conversely, if z € FixT, then Tz = z.
Thus, PyPy_1---Piz = z. We have P,z = z if and only if |P;z|| = ||z|| (using the
fact that ||2]|2 = || P;z||>+||z— P;z||?). If z ¢ M, let i be the smallest index such that
z ¢ M;. Then Pz # z; s0 |Piz|| < ||z]| and 2 = Py -+ - P;P;_y - Piz = Py--- Piz
implies that ||z|| = ||Px--- Piz|| < ||P:z|| < ||#]|, which is absurd. Thus, z € M.
This proves that M = FixT. By Lemma 2.1, M = FixT*.

Since T* = PPy --- Py, we see that TT* = PyPy_1---P1Py--- P, and T*T =
PPy PyPy_1---Pp, and the same proof as above shows that FixTT* = M =
FixT*T. O

A useful sufficient condition that guarantees that (2.0.1) holds is essentially con-
tained in Halperin [I5]. It also is explicit in Smarzewski [21] and can be stated as
follows. (We include a brief proof since, as far as we know, the paper [2I] has not
been published.) Recall that T : X — X is called nonnegative if (T'z,z) > 0 for
all z € X.

Theorem 2.5. Let T1,Ts,..., T, be selfadjoint, nonnegative, and nonexpansive
bounded linear operators on the Hilbert space X. Let T := TyTy-- T} and M =
FixT. Then FixT =} Fix T} and

(2.5.1) lim [|[T"x — Pyx|| =0 for every x € X.
Proof. Since T is nonexpansive, Corollary 2.3 implies that it suffices to show that T’

is asymptotically regular. Toward this end, note that for each ¢, I —T; is nonnegative
(and selfadjoint) since

((I - Tz, 2) = (z - Tiw,2) = ||z]|* — (T, 2) > |z|* = IT3] |l[|* > 0.
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It follows from a result of Riesz (see [4, Theorem 4.6.4, p. 163]) that T;(I — T;) is
also nonnegative. Hence,

lz[* = |z = Tix + Tizl|* = ||lz — Tiz||* + 2{x — Tiw, Tiw) + || Tz |?
= ||z — Tixl® + 2(Ti(I = T)a, ) + | Tix|* > |z — Til|* + | Tz |2,
Thus, for each x € X,
(2.5.2) |z — Tiz||* < ||z||® — |Tiz||* for each .
By repeated application of (2.5.2), we deduce that
l]* =T
= ||z))? = [ Te|® + | Tz l|* = | To—r Tra|| + - - + | To - Tal|* — || T
> ch — kac||2 + ||Tk$ — kalTk(E||2 + -+ ||T2 c 'Tk{E — T{EH2
1 1 1
=k EHx — Tpx|* + EHTkx —Tp 1 Trzx||* +--- + E||T2 o Thx — Tz

1
> k|l (& = Th + Tex = Ty T + -+ Ty oo Ty — T
(by convexity of | - ||?)
1
= |z —Tz|>
e~ 7zl
That is,
(2.5.3) llz — Tz||® < k(|z]|* — |Tz||?) for every x € X.

Since T is nonexpansive, we see that the sequence (||7"xz||)52, is nonincreasing
for every z € X and so it must converge: ||T"z|| — p > 0. Now apply (2.5.3) with
x replaced by T"z to obtain that

Tz — T a|? < k(T 2||* — || T 2]|?) — 0 asn — oo.

This proves that T' is asymptotically regular. (I

Lemma 2.4 and Theorem 2.5 immediately imply the following two results. The
first is the “von Neumann-Halperin theorem” stated in the Introduction, while the
second shows that a symmetric version of the MAP also converges.

Theorem 2.6. Let My, M, ..., My be closed subspaces of the Hilbert space X, and
let M = ﬂlf M;. Then, for each x € X,

(2.6.1) hTILnH(PMkPMk—l PMl)nJ)—PMJ)H =0.

Theorem 2.7. Let My, M, ..., My be closed subspaces of the Hilbert space X, and
let M = ﬂlf M;. Then, for each z € X,

Using Theorems 2.6 and 2.7, we see that two important examples of operators
T which satisfy (2.0.1) are T = Q and T = Q*Q, where Q := Py, Par,_, -+ Py

1.
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3. ACCELERATION METHODS

Throughout this section, unless explicitly stated otherwise, we assume that T is
a nonexpansive linear operator on X and M := FixT. Hence, FixT* = M also (by
Lemma 2.1). Moreover, M; will always denote a closed linear subspace of X and
P, = Py,

In this section, we develop our main results concerned with accelerating the
method given by (2.0.1). That is, if 7" is an operator such that (2.0.1) holds (or
equivalently, that T' is asymptotically regular), how can we modify the iterates
suggested by this algorithm so as to converge faster to Py;xz?

Definition 3.1. The accelerated mapping A7 of T is defined on X by

(3.11) Ar(a) = t.Te + (1 - t,)a,
where
{gx—Tz)
(312) tm — tm 7= [z—Txz|? if Tx 75 x,
’ 1 if Te = .

We will consider two classes of iterative algorithms to compute Pys(z) for any
given x € X. They are described as follows. The standard or “unaccelerated”
algorithm: z¢p = = and

(3.1.3) T =T(xp-1)=T"(x) (n=1,2,...),
and its “accelerated” counterpart: o =z, x1 = T(zp), and
(3.1.4) Ty = Ap(Tp_1) = A (Tz) (n=1,2,...).

In particular, we will give a detailed analysis of these algorithms when T' = P P4
-+ Py and when T' = (PyPy—1--- P1)*(PyPx—1---P1). This acceleration scheme
was suggested by Gubin et al [I4] and Gearhart and Koshy [13] in the particular
case when T is a product of projections. The motivation for using the mapping A
is that Ap(z) is that point on the line through the points « and T which is closest
to Pyrz (see Theorem 3.7 below).

A remark is in order as to why, in the accelerated algorithm, we first apply T
to xo rather than first applying Az. That is, why didn’t we define the accelerated
algorithm by x,, = A% (zo) for n > 0 rather than z,41 = A% (Txo) for n > 07 The
simple answer is that, besides being the one suggested in [14] and [13], the one we
defined performs better. Indeed, it is not hard to see that if T" is the product of
two orthogonal projections onto two 1-dimensional (nonorthogonal) subspaces in
the Euclidean plane, then the accelerated algorithm converges in two steps, that is,
Ar(Tx) = Py for any starting point x. However, for any choice of « which is not
in the range of T, none of the terms of the sequence (A%(x)) is equal to Pyrx. That
is, the sequence z,, = A%.(z) does not converge to Pz in a finite number of steps.

Definition 3.2. The classical von Neumann-Halperin method of alternating
projections, or MAP for short, corresponds to (3.1.3) in the case when T =
PyPy_q---Py.

The accelerated method of alternating projections, or the accelerated
MAP for short, is the algorithm (3.1.4) in the case when T'= Py Py_1 - -- P;.

The symmetric method of alternating projections, or symmetric MAP
for short, is just (3.1.3) in the case when T'= (PyPy—1 -+ P1)*(PxPy—1- - P1).
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The accelerated symmetric method of alternating projections, or ac-
celerated symmetric MAP for short, is the algorithm (3.1.4) in the case when
T = (PkPk,1 . 'Pl)*(PkPk,1 s Pl)

Lemma 3.3. Let x € X. Then
(1) tAr(x) + (1 —t)z —x € M+ N (Ap(x))*t for every t € R.
(2) Tz —z € M+ N (Ar(z))*.
(3) Ar(z) —x € Mt N (Ar(z))*.
(4) T(M*) c M+ and Ar(M+) ¢ M+.
(5) Ap(z) — Tz € M+ N (Ap(z))*.
(6) Tx — Pya € M*.
Proof. (1) Since tAr(x) + (1 —t)x — x = tt,(Tz — x), it suffices to verify (2).

(2) If Tx = z, then (2) is trivial. Thus we may assume that Tx # z. Let y € M.

Then since Ty =y = T*y, we have

<T£L’ - :c,y) = <$,T*y> - <£E,y> = <(E,y> - <(E,y> =0.
Thus Tz — 2 € M~+. Also,
(Te —x,Ar(z)) = Te —z,t;,Te+ (1 —t,)z) =t,(Te —x,Tx —z) + Tz — x,z)
(z, Tz —x)
e = Taf?
so Tx —z € (Ap(x))*.
(3) Take t =1 in (1).
(4) This follows from (2) and (3).
(5) Since Ap(xz) — Tax = (t, — 1)(Tz — x), the result follows from (2).
(6) Using part (2), we get

| T — a])? + (Te - a,2) = 0;

Tz — Pyx = (Te —x) + (x — Pyx) € M+ + M+ = M+,

Lemma 3.4. For every x € X andn € N:={1,2,...,},
(1) Par(Ar(x)) = Par;
(2) Py (Tx) = Py
(3) Pun(A7~!(T)) = Pa;
Proof. We use the well-known fact that Py, (ML) = {0}. Since Tx —z € M+ and

Ap(x) —x € M+ by Lemma 3.3, it follows that 0 = Py (Tx — x) = Py (Tz) — Py
and 0 = Py (Ar(x) —x) = Py (Ar(z)) — Pyx. Hence (1) and (2) follow.

(3) and (4) follow by a repeated application of (1) and (2). O
Lemma 3.5. For each x € X andy € M,
(35.1) [A7(z) = y||* = [lz — y|I* = |z — Ar(2)]*.
In particular,
(3.5.2) Fix Ar ={z € X | || Ar(@)| = ||=||}
and
[|lz||? ifeeM,
(3.5.3) | A7 (2)]* = _Tmy?
l2))? - Stk ifx ¢ M.
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Proof. Using Lemma 3.3, we deduce that
lz = ylI* = lI(z = Ar(2)) + (Ar(z) — y)|* = o — Ap(2)]|* + | Ar(z) - y]|*
so (3.5.1) holds. Take y = 0 in (3.5.1) to obtain (3.5.2). Finally, take y = 0 in
2
(3.5.1) and note that ||z — Ap(z)||> = L2219 if o ¢ M and || — Ap(2)||2 = 0 if

lo—T=]?
x € M. This yields (3.5.3). O
Lemma 3.6. The following statements are equivalent:
(1) Tz e M;
(2) Tx = Pyx;

(3) T"x € M for everyn > 1.

Proof. (1) = (2). If Tx € M, then Tx = Py (Tx) = Pyrx using Lemma 3.4(2).

(2) = (3). If T = Py, then Te € M. Thus, (3) holds when n = 1. We
proceed by induction. If 7"z € M for some n > 1, then since M = Fix T, we have
that

Ty =T (T"x) =Tz € M.
This completes the induction.
(3) = (1). Take n = 1. O

The affine hull of a nonempty set S, denoted by aff(S), is the intersection of
the collection of all affine sets which contain S. (Recall that an affine set is any
translation of a subspace.) Equivalently, aff(S) = {az+ (1 —a)y | 2,y € S, € R}.

Theorem 3.7. For each x € X and y € M, we have

(3.7.1) |Ap(z)—y||* = |tTz+ (1 —t)z—y||* — (t—t.)?|| Tz —=||* for each t € R,
(3.7.2) l1A7(z) = yll = min [[tTz + (1 — t)z -y,

and the minimum is attained precisely when either t = t, if v ¢ M or at every

teR ifx € M. Moreover,
(3.7.3) d(Arp(z), M) = rtréiﬁg d(tTz + (1 —t)x, M);

in other words, Ar(x) is the unique point in aft{x, Tz} which is closest to M.
(3.7.4) (@)l = min 1Tz + (1~ t)e]]
in other words, Ar(x) is the unique point in aff{z, Tz} having minimal norm. In
particular,
(3.7.5) [ Az ()| < min{|jz]|, |[T]}.
Proof. Using Lemma 3.3, we can write
[tT2 + (1 = t)z — y||* = [tTz + (1 - thr — Ar(z) + Ar(z) - y|®
= [t = to)(Tz — @) + (Ar(2) — y)|°
= (t —to)*| Tz — 2| + [ A7 () - ylI?,

which proves (3.7.1). Equation (3.7.2) follows immediately from (3.7.1). Moreover,
(3.7.3) follows by taking the infimum over all y € M in (3.7.2). Finally, (3.7.4)
follows from (3.7.2) by taking y = 0. d
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While Ar is not linear in general, it does share some important properties of the
linear mapping Pps. Namely, it is continuous, homogeneous, and “additive modulo
M?”. These are recorded in parts (5), (4), and (3), respectively, of the following
lemma.

Lemma 3.8. Letxz € X and y € M. Then:

(1) taty = to-

(2) tox = ts for every a # 0.

(3) Al (z+y) = A%(x)+y for everyn € N. In particular, Ap(z+y) = Ar(x)+y
and Ar(y) =vy.

(4) Ar(ax) = aAr(x) for every o € R.

(5) Ar is continuous.

Proof. (1)Ifx € M,thenz+y € M and typy =1=t,. Ifx ¢ M, thenx+y ¢ M,
and so,

; :<x+y,x+y—T(:c+y)>:<x+y,x—Tx>:<m,x—Tx>:t
o lz+y—T(x+y)l? |z — Tz o — Tzl

using Lemma 3.3(2).
(2) Let a # 0. If x € M, then ax € M and toy = 1 = 5. If © ¢ M, then
ax ¢ M and
(ax,ax — T(azx)) (z,z—Tz)

t = = = t .
o ex—T(ex)l? o -Tx* 7

(3) When n =1,

Ar(z +y) = toyyT(@+y) + (1 — tagy)(z +y)
=t,(Tx+Ty)+ (1 —t,)(z +y) using part (1)
= thx + (1 - tm)x + tzy + (1 - ta:)y
= Arp(z) +y.

Now assume (3) holds for some n > 1. Then

At (@ +y) = Ar[Af(z +y)) = Ar[Af (z) + ]
= Ap(A%(z)) +y by the case n =1
= A7 (@) +y;

so the result holds for n + 1.
(4) If o # 0, then by (2),

Ar(ax) = tasT(ax) + (1 — tar)(ax) =t [T (z)] + (1 — ty)[azx] = aAr(z).

Since A7 (0) = 0, the result also holds when « = 0.
(5) If z € X\ M and z,, — x, then since X \ M is open, x, ¢ M eventually, and
S0,
(Tny Ty, — Ty (x,x —Tx)
—
[en = Taa|* |z - Tx|?

le, =

:tm
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and hence Ar is continuous at z. If z € M and € > 0, let y € X with ||y —z|| < €/3.
Then || Py — Pyl < ||z — y|| < €/3 and

[Ar(z) — Ar(W)|| = |z — Ar ()|l < llz — Puyll + |1 Ppy — Ar(y)]|
= ||z — Puyll + [[Ar(y — Pumy)| by part (3)
< |l — Pyyl|l + |y — Pumyl| by (3.7.5)
= [|Pyz — Pyyl| + ly — Puyl|
€
< g tlly =zl +llz = Paryl

2e
<3 + || Prpx — Pyryl| < e
This proves that Ar is continuous at x. O

Remark. We note that, while Ap is continuous, it is not uniformly continuous, in
general, unlike a linear operator. For example, let X = ¢o, let {e,, [ n=0,1,2,...}
be an orthonormal basis for X, and define T on X by Tz = Y (z, en)n/(n+1)ey.
Setting =, = (1/n)eg + ((n + 1)/n)e, and y, = e, for all n > 1, we get that
llzn — yull = (v/2/n) — 0. But using the readily deduced facts that Az (y,) = 0
and Ar(z,) = (1/2)(e, —ep) for all n, we obtain that ||Az(z,)— Ar(yn)| = (V2/2)
for all n > 1.

Lemma 3.9. (1) t, > 1 for allz € X; and
(2) Fix Ay = M(= FixT).

Proof. (1) If x € M, then t, = 1. If ¢ M, then the quadratic function,
q(t) == ||t(Tx — z) + z||* = at® + bt +c,

where a 1= |Tz — z||> > 0, b := 2(z,Tx — ), and ¢ := ||z||? is strictly convex
and attains its minimum at the unique point ¢ when ¢'(t) = 0; that is, when
t = tmin := —%. Hence,

. :_2<:c,Tx—x) _ (x,z —Tx) .

U 2Tr—af2 o -Taf2 T

But ¢ = ¢(0) = ||z]|? and ||Tz||> = ¢(1) = a+b+c = a+ b+ |z|? implies that
—b=a+|z||*> - ||T=||* and hence
b b et bl el 1 el el 1
2a 2a 2 2a 2
(2) z € Fix Ap if and only if v = t,Tx + (1 — t;)z if and only if t,(Tz —2z) =0
if and only if Tz — z = 0 (using part (1)) if and only if z € FixT = M. O

Remarks. The lower bound % for t; is sharp. To see this, take T = —I and note
that t, = 5 for every # € X \ {0}. Also, if we relax the condition that 7" be
1

nonexpansive and consider 7' = Al for A # 1, we deduce that ¢, x\; = 7= for each

x # 0. By varying A, we see that t; x; can take on every nonzero value.

Definition 3.10. Define f = fr: X - RT := {a € R | a > 0} by

|Ar(z)—Puyz|
flz) = M if T ¢ M,
0 it T € M.
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Lemma 3.11. For each x € X, we have 0 < f(z) <1 and
(3.11.1) |Ar(z) — Payrz|| = f(2)|| Tz — Pyl
Proof. This is immediate from (3.7.2) with y = Pyz. O
Lemma 3.12. T commutes with Pay and Pyyo.
Proof. For each z € X,
PyTx = PyT(Pyx + Pyax) = Py [T(Pyx) + T(Pyyox)]
= P}z since T(M*') € M~ by Lemma 3.3(4)
= Py =TPyz.

Thus, T commutes with Py; and, since Py;1 = I — Py, it follows that T also
commutes with Py. . O

Definition 3.13. Let T be a nonexpansive linear operator on X, M = FixT, and
for any n € N, let ¢,,(T') denote the norm of the linear operator (7' Py )™:

(3.13.1) cn(T) == || (T Ppro)™].

We will often write ¢(T') instead of ¢;(T'). Note that if T = Py, Par,_, -+ - Patys
then M := (N} M; = FixT and
(3132) C(T) = HPM;CPMk_l . ~PM1PML || = C(Ml, MQ, e Mk)

is just the cosine of the angle of the k-tuple (M7, Ma, ..., M},) defined by Bauschke,
Borwein, and Lewis [2]. It was established in [2] that ¢(T') < 1 if and only if
Mit 4+ My + -+ M is closed. When k = 2,

(3133) C(PMZPMI) = HPM2PM1PMLH = C(MlaMQ) = C(MQaMl) = C(PM1PM2)
is just the ordinary cosine of the angle between the subspaces M; and Mo (see [12]
or [7]).
Lemma 3.14. Let T be nonexpansive on X and M = FixT. Then

(1) en(T) = ||T™ — Purl| for every n € N. In particular,
(3.14.1) ||T"x — Pyz|| < en(T)||x — Pyl for every neN, and z€ X,

and cn(T') is the smallest constant independent of x for which (3.14.1) is valid.

) 1Tyl < en(T) [lyl| for every y € M+;

(3) cn(T) < c(T)™ for every n;

(4) o(T*T) < e(T)? and ¢(T*T) = ¢(T)? if Fix (T*T) = FixT. In particular, if
T = P]\/[,clgjwk_1 s 'PMl; then

(3.14.2) c(T*T) = ¢(T)?;
(5) ||Ar(x) — Pyzx|| < f(x)e(T)||x — Pax|| for every x € X.

Proof. (1) By Lemma 3.12, T' commutes with Py; and TPy = Py = PyT. Thus,

cn(T) = [(TPy )" | = [T = Pan)]" | = (T = Par)" || = 1T — Pl
Now fix any € X and set y = x — Py;z. Then y € M+ and

[Tz — Pyl = |T"(x — Pua)|| = [[T"yl| = 1T Pyryll = (T Py)"yll

< en(T) llyll = en(T) ||z = Paal],

which proves (3.14.1).
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(2) This was essentially proved during the course of proving (1).

(3) ea(T) = TPy )| < | TPyss | = en(T)".

(4) Let N = Fix (T*T). Since M = FixT* by Lemma 2.1, it follows that M C N
and so N+ C M+. Hence, since T commutes with Py;. by Lemma 3.12 and, by a
similar proof, T* commutes with P;;., we obtain

oT*T) = |[T"T Py || < [[T*T Py || = [[(T'Pags )" (T Py )|
= TPy |? = e(T)*.
Moreover, if Fix (T*T) = FixT, then N = M and N+ = M='. So the above
inequality must be an equality. Equation (3.14.2) holds when T is a product of

projections by Lemma 2.4.
(5) Fix z € X. Then 2 — Py;z € M*. So Lemma 3.11 and part (1) imply

| Az(2) — Pyall = f(2)|Te — Paz]| < f(@)e(T)]le - Pagal.

O
Remark. The following example shows that the strict inequality ¢(T*T) < ¢(T)?
is possible in part (4). For let X denote the Euclidean plane and define the linear
operator T on X by Tx = x(2)e; + z(1)eq for each x = (z(1),2(2)) € X, where
er = (1,0) and ez = (0,1). It is easy to verify that |T|| = 1, M = FixT =
span (eq +e2), ¢(T) =1, T =T*, T*T = I, and ¢(T*T) = c¢(I) = 0.

Lemma 3.15. Let T' be nonexpansive and M = FixT. Then

(1) if T is normal, then ||T™ — Pyl = ¢(T)™ for every n;
(2) if Fix (T*T) = Fix T, then

(3.15.1) [(T*T)" — Pyl = e(T)*"  for every n € N.
In particular, for every n € N,
(3.15.2)  ||(Pay Prty - Paa Prty o -+ Pary)"™ — Put|| = e(Ma, Ma, . ..., My)".

Proof. (1) Since T is normal and T' commutes with Pj;. by Lemma 3.12, we deduce
that T Py;1 is normal. Hence, using Lemma 3.14(1), we obtain

IT" = Par|| = en(T) = [[(T Py )" | = 1T Page | = e(T)"

(2) Since T*T is selfadjoint, hence normal, apply part (1) to T*T instead of T
using that Fix (T*T) = M to get |[(T*T)" — Pa|| = ¢(T*T)™. By Lemma 3.14(4),
c(T*T) = ¢(T)?* and (3.15.1) follows.

(3.15.2) follows from (3.15.1) by taking T' = Py, Pa,,_, - - - Par, and using Lemma
2.4 to get FixT*T = FixT. U

The following theorem gives an upper bound on the rate of convergence of the
accelerated scheme.

Theorem 3.16. Let x € X and set

Ty = AN (Tz) (n=1,2,...).
Then for everyn € N,
(3.16.1) IT"x — Ppyz|| < e(T)*||x — P
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and

n—1
(3.16.2) |43~ (T2) - Pusa| < [H F(@)| Ty o - Pasal.

Proof. The relation (3.16.1) is a consequence of Lemma 3.14(1) and (3).

We prove (3.16.2) by induction on n. For n =1, ||[Tx — Pyx|| < o(T)||x — Pux||
by (3.14.1). Since the product of any set of scalars over the empty set of indices is
1 by definition, (3.16.2) holds when n = 1. Now assume that (3.16.2) holds when
n=m > 1. Then

|AT (Tx) — Pya|| = |#mer — Pyl = |Ar(zm) — Para|
= ||Ar(zy) — Py(m)|]|  (by Lemma 3.4)
= f(@m)|T(zm) — Pm(zm)|  (by Lemma 3.11)
< Fem)e(T) [t — Parlan)]] (by (314.1))
= f(em)eD| AR T (@) — Pasal

1:[ f(xi)

o(T)" |l — Py,

< f(@m)e(T)

= [H f (@)

which shows that (3.16.2) holds with n replaced by m + 1. This completes the
induction. O

o(T)"||& — Pyl

Remarks. By comparing the right sides of (3.16.1) and (3.16.2), this result seems
to suggest that the accelerated algorithm is always faster than its unaccelerated

counterpart by at least the factor [Hlfl f (:cz)} Indeed, we will show below that

when T is selfadjoint, nonnegative, and nonexpansive, then the accelerated method
is faster than the original (see Theorem 3.20). In particular, the accelerated sym-
metric MAP is faster than the symmetric MAP. Also, the accelerated MAP for two
subspaces is faster than the MAP. Perhaps surprisingly, however, we will see that
this is not always the case, in general, for the accelerated MAP when there are
more than two subspaces.

Theorem 3.16 can be strengthened in the particular case when T'= P, P;. To do
this, it is convenient to appeal to the following simple lemma (see, e.g., [13]).

Lemma 3.17. Let My and Ms be closed subspaces with M = My N My and let P;
be the orthogonal projection onto M; for i =1,2. Then ¢(PoPy) = ¢(My, M) and
(1) if z € MyN M™%, then || Pox|| < o(My, Ma)||z||;
(2) if v € My N M*, then ||Pix|| < e(My, Mo)|x||;
(3) if z € ManN ML, then ||PoPrx|| < oMy, M2)?|z]|.

Proof. That ¢(PaP1) = ¢(My, Ms) in this case was observed following Definition
3.13.
(1) Let z € My N M~+. Then

[Pz = | PoPLPypezl| < | PoPrPyc || ]| = e(Po )|z
(2) The proof is similar to (1).
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(3) Let z € My N M+. Then Piz € My N M+; so by (1) and (2), we obtain

|P2Prz]| < (PP Pral| < e(PyPr)?||])-

Theorem 3.18. Let T = Py, Py, v € X, and
Ty = AL (Tz) (n=1,2,...).

Then

n—1

(3.18.1) |A%Y(Tz) — Pyyal| < [H f(xi)] e(My, M2)*" Y|z — Pysz).

Proof. The proof is by induction and proceeds just as in the proof of Theorem
3.16. The only point that should be noted is that in the induction step, we use
the inequality || T(xm) — Par(zm)| < o(T)?||2m — Prr(zm)|| (rather than the same
expression with ¢(T') instead of ¢(T)? that was used in Theorem 3.16). The proof
of this inequality follows immediately from Lemma 3.17(3). O

Remarks. (1) Gearhart and Koshy [13] established (a weaker version of) the special
case of Theorem 3.18 when ¢ := ¢(M;, M3) < 1 and with an additional factor p on
the right side of (3.18.1), where p := ﬁ > 1.

(2) The inequality (3.18.1) improves the bound on the ordinary MAP in case
k =2, due to Aronszajn [I], who showed that
(3.18.2) |(PoPy)"x — Pyz|| < e(My, Ma)*" Y|z — Pyx| forallz € X.

In fact, Kayalar and Weinert [I7] showed that the Aronszajn bound is sharp, i.e.,
[(P2Py)" — Par|| = e(My, Ma)* .

Next we show that the accelerated algorithms are always at least as fast as
their unaccelerated counterparts provided that T' is selfadjoint, nonnegative, and
nonexpansive. It is first convenient to establish the following result.

Lemma 3.19. If

(3.19.1) 1T (Ar(x)|| < | T x| for every x € M* and n € N,

then

3.19.2 AN T || < ||TMx for every x € M+ and n € N.
T

In particular, if (3.19.1) holds and the original algorithm converges, then
(3.19.3) A%~ (Tx) — Pyrz|| < ||T™x — Pyx|  for every x € X,n € N,

and hence the accelerated algorithm converges at least as fast as the original.
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Proof. When n = 1, (3.19.2) is trivial. If n > 2, then for each x € M+,
|45 (Ta)|| = [ Ae(A3~2(Ta))| < |T(AL2(T2))]|  using (3.7.5)

= |T(Ar(y))|l, wherey:= AZ3(Tx) € M* by Lemma 3.3(4)
<IT2y] by (3.19.1)

— T4 (Ta)|

=||T?(Ar(2))||, where z:= A"*(Tz) € M+ by Lemma 3.3(4)
<||T3z| by (3.19.1)

— IT* (A5 (T2

Continuing in this way, we end up with the inequality || A% ! (Tz)| < || 7", which
verifies (3.19.2) when n > 2.

To verify the last statement, let * € X. Then z — Pyyz € M+ and so by (3.19.2)
and Lemma 3.8(3), we get

|47~ (Tx) = Pyga|| = A7 H(T(@ = Py))|| < |T"(x = Pya)l| = [Tz — Pasal
and this verifies (3.19.3). O

The natural question raised by Lemma 3.19 is this: for which T' does (3.19.1)
hold? We will show next that if T' is selfadjoint, nonnegative, and nonexpansive,
then (3.19.1) and hence (3.19.3) hold. It should be noted that our proof seems to
use the spectral theorem (for compact selfadjoint operators) in an essential way.

Theorem 3.20. Let T be selfadjoint, nonnegative, and nonexpansive. Then
(3.20.1) | A%~ (Tx) — Pyra|| < ||T™x — Py for each x € X and n € N.

In other words, the accelerated algorithm converges at least as fast as its unacceler-
ated counterpart.

Corollary 3.21. If T = PPy - PyPy_1--- Py, then
(3.21.1) | A%~ (Tx) — Pyra|| < ||T"x — Py for each x € X and n € N.

In other words, the accelerated symmetric MAP is at least as fast as the symmetric
MAP.

The corollary follows since T' = Q*@Q, where Q = Py Py_1--- P;.

Proof of Theorem 3.20. By Lemma 3.19, it suffices to show that
(3.20.2) T *Ar(y)|| < |T™y|| for every y € M+ and m € N.

Toward this end, fix y € M+ and m € N. If y = 0, (3.20.2) is trivial. Thus, by
scaling and Lemma 3.8(4), we may assume ||y|| = 1. If m = 1, then (3.20.2) follows
from (3.7.5). Thus, we may assume m > 2. Let

N =span{y, Ty, T%y,..., T™y}.

By Lemma 3.3(4), N C M*. Define S := PyTPy. Then S is compact, selfadjoint,
nonexpansive, R(S) := Range of S C N, and so n := dim R(S) < m + 1. We may
assume that Ty # 0. For if Ty = 0, then Ar(y) = 0 by (3.7.5); so (3.20.2) holds
and we are done. But if Ty # 0, then Sy # 0 and hence n > 1. As a consequence of
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the Spectral Theorem [3 Corollary 5.4, p. 47], we readily deduce that there exists

an orthonormal set of n eigenvectors {vy, va,...,v,} of S such that
n
(3.20.3) Sz = Z Ai{z,v;)v;  for every x € X
1
where ); is the (nonzero) eigenvalue corresponding to v; : Sv; = \v; (i =
1,2,...,n). In particular, {v1,...,v,} is an orthonormal basis for R(S). Since

T is nonnegative,
Ai = Xilvi,v:) = (N, v;) = (Svg,v;) = (PyT Py, v;)
= (T Pyv;, Pyv;) = (Tv;,v;) since v; € N
> 0.
Thus, A; > 0 for each 4. Since S is nonexpansive,
Ai = || Aivi]| = [[Svil| < [Jvg]] = 1.
We have shown that 0 < A; < 1 for each 7. Moreover, if some \; = 1, then
1 = (v, v;) = (vi, Svi) = (v;, PNT Pnuv;)
= (vi, TPyvy) = (i, Ti) < [|og]| [|[Tol| < 1.
So equality must hold throughout this string of inequalities. Using the condition of
equality in Schwarz’s inequality, we obtain T'v; = pv; for some p > 0 and ||Tv;|| =
|lvill = 1. Hence, p = 1 and Tw; = v;. That is, v; € FixT = M. But v; € M~

implies that v; = 0, a contradiction. This proves that A\; < 1 for each i. Hence, we
have shown that

(3.20.4) O<h<1 fori=1,2,...,n.
Let «; := (y, v;) for each i.
Claim 1. Tiy = Siy=3>", ai/\gvi (j=1,2,...,m).

The formula for S, S7y = 327 a; X v, follows easily from (3.20.3) and the fact
that Sv; = A\ju;. To prove the corresponding statement about 7', we proceed by
induction on j. For j = 1, since y and Ty are in N, we obtain Ty = PyTy =
PnTPyy = Sy; so the result holds when j = 1. Now suppose the result holds
when j =1 <m — 1. Then

Sttty = S(S'y) = S(T'y) = PNTPn(T'y) = PNT(T'y) = PxT"y = T' Ty

since T**1'y € N. This proves the claim.

Since R(S)1 = N (5*) = N(S), where N(S) is the null space of S, we have that
X =R(S)®N(S) and hence we can write y as y = y1 + yo, where y1 € R(S) =
span {v1, va, ..., v, } and yo € span {vy,va,...,v,}+ = N(S). Then

n n n
Y= (yvvi+y0 =Y (y,v)vi+ 50 = Y avi +yo
1 1 1

and

n
yll* = af + llyoll*.
1

Claim 2. T™ T Ap(y) = S0 A H1 — (1= Nty }os.
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We compute
T Ar(y) = T™ t, Ty + (1 —t,)y]l = t, Ty + (1 —t,)T™ 'y

=t,5"y+ (1 - ty)Smfly =1, Zai)\zmvi +(1—1ty) Zai)\;nflvi

—me Yt i+ (1 —t)} oy = me 1= (1= )ty o

which proves the clalm.
By Claims 1 and 2, we see that (3.20.2) holds if and only if

Za2>\2m -2 ( y}2 < ZQQAQm
which, after some algebr:au7 may be rewritten as

(3.20.5) q(t,) <0,

where
q(t) : = at® — 2Bt +, ZaQVm (1= N)%,

3.20.6
( ) ZQQAQWL 2 )\i);

Za2>\2m 2(1— 7).

Claim 3. The function h, defined on the nonnegative real line by
2 AL =)
3, ANy )2

h(t) :== for all £ > 0,

is increasing.

Writing h(t) = u(t)/v(¢), it suffices to verify that h'(t) > 0. Equivalently, it
suffices to show that

(3.20.7) o (t)o(t) > u(t)v'(t) forall t > 0.
Setting
o 0412(]. — )\J)\E
ﬁz o Zj Oé?(]. — )\j)>\§,
we see that 3; >0, Y7 3 =1, and (3.20.7) may be rewritten as

(3.20.8) Zﬁj/\j In\; > <Zﬁz‘ hfl)\z‘) Zﬁj)‘J
j i J

Since the function ¢ +— tInt is convex on (0, 00), it follows that

(3.20.9) D BiA; | In (Z @Az) <> BN I,
J i J

On the other hand, the function ¢ — Int is concave on (0, 00); so

(3.20.10) In (Y BN | =D B8
J J
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Combining (3.20.9) and (3.20.10), we obtain (3.20.8), and this proves Claim 3.

To prove (3.20.5), and finish the proof of the theorem, we must verify that
q(ty) < 0, where ¢ is the quadratic defined in (3.20.6). Now ¢(0) = v > 0 and
q(1) = o — 28+~ = 0. Also, an inspection of the coefficients shows that 0 < o <
(8 < ~y. Further, the quadratic formula shows that the zeros of ¢ are given by

Y e T s
o ’ o '

max

tmin -

Since 3 = %(oz + ), it follows that tmin = 1 and tmax = y/a > 1. Since ¢ has a
positive leading coefficient, we see that ¢(¢) < 0 if and only if tmin < t < tmax, i.€.,
1 <t <+v/a. Thus to prove ¢(t,) < 0, we must show that

-
(3.20.11) 1<ty <=

We have, using Claim 1, that

Ay —Ty) O, v +yo, >, il — Xi)vi + o)

ly =Tyl D0 (1=X)% + [lyol?

_mied (1= ) + lyoll?

C il (1= 2)% + [lyol

Since 0 < (1 — \;)? < 1— X, it follows that ¢, > 1. Also, t, < v/« is equivalent to
Yiof( =) +lwol® _ 3 ef AR - AD)

ty

(3.20.12) . i |
s =202+ ol = X, a2XIm 2 (1 - \y)?

But

(3.20.13) > af (L= A) + lwol® _ Dya2(1 =)

(I =X)2+lwoll? ~ 32, a5(1 = Ay)?
follows since Y, aZ(1 — ;) > Y, a?(1 — ;)%
By Claim 3, h is increasing so that h(0) < h(2m — 2). That is,
>ief(l—N) < YL aA (1= )
D a(1=X)2 7 3 a2 (1= )2
Combining (3.20.13) and (3.20.14), we obtain (3.20.12) and hence ¢, < 7/a. This
proves (3.20.12), and completes the proof of the theorem. O

(3.20.14)

A certain analogue of Theorem 3.20, valid when T is not selfadjoint, can be
deduced from Theorem 3.20 as follows.

Corollary 3.22. Suppose S is a bounded linear operator on X, L is a closed
subspace of X such that L D R(S), and SPy, is selfadjoint, nonnegative, and non-
expansive. Let M = Fix S. Then

(3.22.1) ||AZ'SPrz — Pyx| <||S"Prx — Pyz|| for each z € X andn € N.
In particular,
(3.22.2) |A% S — Pya|| < ||S"a — Pyz||  for each x € L and n € N.

Proof. Set T = SPp. Then T satisfies the hypothesis of Theorem 3.20. Moreover,
since R(S) C L, it follows that Fix T = Fix S = M. Thus, we deduce from (3.20.1)
that

(3.22.3) |An~H(Tx) — Py|| < ||T™x — Pyl for each 2 € X and n € N.
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Since R(S) C L, we deduce that
T = (SPL)" = S(PLS)" ‘P, = S(S)" ‘P, = S"Py.
In particular, T"x = S™x for each z € L. Moreover, for each y € L,
Ap(y) = tyrTy+ (1= tyr)y =ty rSy+ (L —ty1)y
and Asy =ty Sy + (1 — ¢, 5)y. But

po=Wy=Ty) _ {yy-Sy) _,

P ly=Tyll> oy Syllr
so Ar(y) = Agsy € L so that, inductively, A’Tlfl(y) = Agfly. Substituting back
into (3.22.3), we obtain (3.22.2). In general, for any y € X, x = Pry € L, and so

(3.22.4) |A% 'SPy — PuPryl| < ||S"Pry — Py Pryl.
But M C R(S) C L; so PyyPry = Pyy and substituting this into (3.22.4) yields
(3.22.1). O

One application of Corollary 3.22 is in the case of the MAP for two subspaces.

Theorem 3.23. Let M; and My be closed subspaces in X, Q = P,Py, and M =
My N Msy. Then for each n € N,
(3.23.1) ||A2271Qx — Pyl <||Q"x — Pyx|| for every x € X.

In other words, the accelerated MAP is faster than the MAP in the case of two
subspaces.

Proof. Take S = @ and L = My in Corollary 3.22 to obtain
(3.23.2) ||A571QP2x — Pyl < ||Q" Pex — Pyrz||  for every x € X.

In particular, (3.23.1) holds for each x € M. It remains to show that (3.23.1) holds
for all x € X. We first verify

(3.23.3) R(P,PLP3) = R(Py1y).

To see this, note that it is well-known that for any bounded linear operator T' on
X,

(3.23.4) N(T*T) = N(T) and N(T)* =R(T*).
Putting T' = P, P, in (3.23.4), we obtain that N (P,P,P;) = N(P,P,) and hence

R(nglpg) = N(P2P1P2)L = N(Plpg)l = R(PQPl), which proves (3233)

Now fix any € X and set z = PoPix. Then z € R(P2P1) and so, by (3.23.3),
we obtain that z = lim zy, where z;, € R(P2P1P2) for each k. Then we choose
wy € X so that zp = Po Py Powy. Let y, := Powy. Then yi, € My and 2z, = PoPyyy.
Since P; commutes with Pjs for ¢ = 1,2, we have that

PMJ,‘ = P2P1PMJ) = PMP2P11,‘ = PMZ = hin PMZk

(3235) = hlgn PMpgplyk = hlgn PQPlPMyk = 11]£IIPMyk
Moreover,
(3.23.6) 1111€n Qui = liinnglyk = 1111€n 2 = 2z = Q.

By (3.23.2) applied to yi, € Ma, we obtain that
(3.23.7) HA%_lek — Pyyell < |Q"yr — Paryrll-
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Letting k¥ — oo in (3.23.7), and using (3.23.5), (3.23.6), and the continuity of Ag
(Lemma 3.8(5)), we obtain (3.23.1). O

The following is an example showing that the accelerated MAP may be slower
than the MAP when there are more than two subspaces!

Example 3.24. Let X = /{5 and let ¢; (i = 1,2,...) denote the canonical unit
vectors in X: e;(j) = d;; for all ¢, j. Define five 2-dimensional subspaces as follows:
M, =span{ez,es}, My =span{es+eq,e3+es5}, Ms=span{ey,es},

My = span{e; +eq,e2 +e5}, and My = span{e,ea}.
Let P, = Py, fori=1,2,...,5and T := Ps Py P3P, P;. 1t is easy to verify that
Tz = tz(2)er + jz(3)e2  for each x € £s.
Also, ||T|| = % and M :=FixT = {0}. Set z¢ := des. Then Tz = €2, T?xo = fe1,
and T"xzo = 0 for all n > 3.
Let zp := Txo = ey and define z, := Ap(zn—1) = A%(z0) for n > 1. Since

the range of T is span{e1, ez} and Ap(z) is an affine combination of Tz and z, it
follows that

(3.24.1) Zn = ane1+ Opnea (n=0,1,...)

for some scalars au,, B,. We will prove that z, # 0 for every n.
Having done this, we would then obtain for every n > 3 that

IA7™ (Two) = Paraol| = |AF (Two)|| = [l2n—1ll > 0 = ||T"o|| = [|T"x0 — Pasao]

which shows that the accelerated MAP is slower than the MAP beginning with the
third iterate. (It should be noted, however, that the second iterate for the accel-
erated method has a strictly smaller norm than the corresponding unaccelerated
term: || Ap(Txo)| = 1/V17 < 1/4 = | T?x0]|.)

It remains to show that z,, # 0 for each n, and this will be done through a series
of claims.

Claim 1. Tz, = iﬂnel (n=0,1,...).
This follows from
Tz, =T (aner + Bne2) = ap,Ter + BpTes = iﬁnel.
Next we prove
Claim 2. zp4+1 = 0 if and only if 8,, = 0.
For suppose z,4+1 = 0. Then
0=Ap(zn) =t Tz + (1 —t,)zn, where t, =t,,
= iBntner + (1 — tn)(cner + Brea)
= [1Butn + (1 —to)an] e1 + (1 — t,) Breo.
It follows that
10ntn + (1 —ty)a, =0 and (1 —t,)8, =0.

No matter what the value of ¢,, is, the two equations above imply g, = 0.
Conversely, if 8, = 0, then z,, = a, ey implies that Tz, = 0 and hence Ap(z,) =
0 (since ||Ar(zn)|| < ||Tzn]| by (3.7.5)). Thus, 2,41 = Ar(2z,) = 0.
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Claim 3. For n=0,1,2,...,

(3242) ﬂnJrlﬂn = Opt1 iﬂn - an) .

In particular, if 3, # 0, then
1 «
(3.24.3) Bnt1 = Qnt1 (Z - F:) :
To verify this, note that by Lemma 3.3(2), we obtain that
(zZnt1, 2n — Tzn) = (Ar(2n), 20 — Tzp) = 0.

Using the representation of z, in (3.24.1), we expand the above equation and deduce
that a1 (o — $8n) 4 Bug18, = 0, which is just (3.24.2).
If the result that z, # 0 for each n were false, we let ng denote the smallest
integer such that z,,+1 = 0. Now By = 1 and one can readily compute that
21 = AT(Z()) = AT(@Q) = teQTeg + (1 — te2)eg = %t@el =+ (1 — te2)eg,
where
P (e2,e2 — Tey) 1 16
€2 -

T llee—Tea|? " flez— Les|2 T 1T

Hence, z1 = 1;4761 + %762 and so a1 = % and 3 = 1—17 Thus By # 0 and (7 # 0.
By Claim 2, §,, = 0; so ng > 2, and (3, # 0 for every n < ng — 1. Further, by
Claim 3, we deduce

(3.24.4) Brt1 = g1 (% — pn) forn=0,1,...,n9—1,

where p, 1= a,/Bn.

From (3.24.4), we deduce that a;,+1 # 0 whenever 8,11 Z0and 0 <n < ng—1.
Since Bi+1 # 0 for 0 < k < ng — 2, it follows that a1 #0 for 0 <k <ng—2. In
other words,

(3.24.5) a, 70 and (3, #0 for 1<n<ng-—1.
Using (3.24.4), we obtain that

1
(3.24.6) O#M:__Nn for 0<n<ng—2.

Ap41 4

Next consider the following subset of the rational numbers:
Q* = {2 |p,q e Z, peven, g odd}.
q

In particular, 0 € Q* but % ¢ Q*.
Claim 4. The function f(z) = (% — )~ maps Q* into Q*.

First, note that f is well-defined since i ¢ Q*. Next, let € Q*. Then z = %
for some even p and odd g. Hence,
1 4q
f (x) =71

12 a—4p

Since 4q is even and g — 4p is odd, it follows that f(z) € Q*.

Claim 5. p, € Q* for 0 <n < ng — 1. In particular, u, # % for 0 <n<ng-—1.
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To verify this, first note that pg = % =0 € Q*. By (3.24.6), it follows that

(3.24.7) Py = 2 = L =01, ng—2)
6n+1 1 HUn

Using (3.24.7), Claim 4, and induction, it follows that p,11 € Q* for n =
0,1,...,n9 — 2. This proves Claim 5.

Finally, ftn,—1 # 1 from Claim 5. Since 3,, = 0, (3.24.4) implies that c,, = 0.
But then z,, = an,e1 + Bnye2 = 0, which contradicts the choice of ng. This proves
that the accelerated MAP is slower than the MAP for this example. However, both
the MAP and the accelerated MAP do converge! This raises an interesting question
that we pose now.

Open Problem. Let T be a nonexpansive mapping on X which is asymptotically
regular, and let M = FixT. Then, by Corollary 2.3, the algorithm converges:

(3.24.8) lim ||T"z — Pyl =0 for each z € X.
n—oo

Is it true that the accelerated algorithm for T also converges? That is, does the
following hold:

(3.24.9) nllrr;o |A7(Tx) — Pyl =0 for each x € X7

We have seen that the answer is affirmative in several special cases. For example,
when any one of the following conditions are satisfied, then (3.24.9) holds.
(1) T is selfadjoint and nonnegative (Theorem 3.20); in particular, if T =
(PMk PM,C71 T ]31\/[1 )*(PM;CPM;C,1 T PMl) (Corollary 3.21).
(2) T = Puy, Pay, is the product of two orthogonal projections (Theorem 3.23).
(3) ¢(T) < 1 (Theorem 3.16); in particular, if T = P, P, - Pa, and
Mi- + M-+ -+ Mt is closed, then ¢(T) < 1 (see [2]).

In particular, does (3.24.9) hold if T is the product of k > 3 orthogonal projec-
tions? In this case, we can show that

(3.24.10) A (Tx) — Pyz weakly for each z € X.

But we are not sure whether the convergence must be in norm.
To prepare for the last main result, we begin with a useful lemma.

Lemma 3.25. Define the function

Bla. ) = 5o

(1) Then E is a continuously differentiable function on its domain such that
(a) aE(aa ﬁ) _ 2(6 B 1)
lJe" (2—a-pB)?’
) OE(a, )  2(1—-a)
B (2-a-p)?
In particular, if ¢ < 1, then E(a, ¢) (respectively, E(c,3)) is a decreasing
(respectively, increasing) function of a (respectively, () in each of the two
components of its domain.
(2) (a) |[E(o,B)] <1 if and only if (1 —a)(1 —3) > 0.
(b) |E(a, B)] =1 if and only if (1 —a)(1 — 3) =0.
(¢) |E(a, B)] > 1 if and only if (1 —a)(1 — B) <O.

for all a, 6 € R with a + 8 # 2.

and
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Proof. The verification of (1) is easy.
(2) Write
68—« (1-—a)=(1—=0) 11—

B = = M) r (=) nr

where 11 =1 —«, and 2 = 1 — . Clearly, |E(a, )| <1 if and only if |22 < 1
if and only if |r; — re| < |r1 + ro| if and only if r1r2 > 0. This proves (a). Also,
|E(a, B)] = 1if and only if 7172 = 0, which proves (b). Finally, |E(a, 8)| > 1 if and

only if |%| > 1 if and only if 7172 < 0, which proves (c). O

Lemma 3.26. Let T be selfadjoint,

(3.26.1) c1 = inf{(Tx,z) | x € M*, ||z|| = 1},

and

(3.26.2) co == sup{(Tz,z) |z € M, ||z| =1},

where both ¢; and cy are defined to be 0 if M+ = {0}, i.e., if M = X. Then
(3.26.3) max{ca, —c1} = ¢(T) := || TPy ||.

Moreover, if T is also nonnegative, then
(3.26.4) co = ¢(T).
Proof. First note that
—c; = —inf{(Tz,2) |z € M+, ||z|| = 1} = sup{—(Tx,x) | x € M, |z|| = 1}.
Hence,
max{cy, —¢1} = sup{|(Tz,z)| | z € M*, ||z| =1}
=sup{|[{TPyrz, Pyyrz)| |z € X, ||z|| =1}
=sup{|{Py;. TPyrz,z)| |z € X, ||z|]| = 1}
=sup{[(TPyrrz,7)| [ € X, |[zf| =1}
(using Lemma 3.12 and the idempotency of Pj;1)
= TPy |
(since T Pyso is selfadjoint and using [3] Proposition 2.13, p. 34])
=c(T),
which proves (3.26.3). Finally, if T is also nonnegative, then 0 < ¢; < ¢2 and so
max{cg, —¢1} = cg. Thus (3.26.4) follows from (3.26.3). O

Lemma 3.27. Let T be selfadjoint and nonexpansive, and let ¢1 and co be defined
as in (3.26.1) and (3.26.2). Then

-

(3:27.1) lAr ()l < (2_7

) lyl|  for every y € Mt
C1 — C2

In particular,

Co — C "
(3.27.2) ||A%<y>|<<2fcﬁ) lyll for cvery y € M*, neN.
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The inequality (3.27.2) follows from (3.27.1) by induction, using the fact that
Ar(y) € M+ whenever y € M+ (Lemma 3.3(4)). Our proof of (3.27.1), just like
that of Theorem 3.20, uses the spectral theorem. Before proving this lemma, let us
state a few consequences of it.

Theorem 3.28. Let T be selfadjoint and nonexpansive, and let ¢1 and co be defined
as in (3.26.1) and (3.26.2). Then

Co — C1

n—1
(3.28.1) |AZ~Y(Tz) — Pyl < ( ) o(T) ||z — Parzl|

2—c1—co
for every x € X and n € N.
Proof. Let * € X and set y = Tx — Pyz. Then y € M+ by Lemma 3.3(6).
Substitute this y into (3.27.2) (and replace n by n — 1) to obtain
ey — 1 n—1
A% Tz — Pya)|| < (72 > 1Tz — Pz
—C1 — C2

But A% (Tx — Pyrz) = A% (Tx) — Py by Lemma 3.8(3) and
ITx — Pyz|| = ||T(z — Pyz)| < ci(T)||lx — Pyl by (3.14.1).
This proves (3.28.1). O

Theorem 3.29. Let T be selfadjoint, nonnegative, and nonexpansive. Then

T n
o7) — lz— Pzl for every x € X, n € N.

2 = o(T)]

Proof. Since T is nonnegative, ¢; > 0 and ¢(T) = ¢ by Lemma 3.26. Since T is
nonexpansive, co < 1. Thus

(3.29.1) || A% Y (Tx)—Pyz| <

0<c<ce=¢T)<1.

Then, using Theorem 3.28, we obtain that for every z € X,

n—1
cy—cC
| A (Tx) — Pyl < (72 _2 _1 ) e(T)||lx — Parx||
C1 — C2
B oT)—ar n—l
(3.29.2) = (2 E— c(T)) c(T)||z — Puz|.

e(T)— ¢
Now — -2 “1
- a1 —c(T)
domain of E(-,¢(T)), and E(-,¢(T)) is a decreasing function by Lemma 3.25. This
implies that

= E(c1,¢(T)), 1 and 0 are in the same component of the

c(T)—c1 _ T
p— E(c1,¢(T)) < E(0,¢(T)) = = oD)
This together with (3.29.2) yields (3.29.1). O

Remarks. Comparing (3.29.1) with (3.16.2), we see that for each selfadjoint, non-
negative, and nonexpansive operator 7', it follows that
n—1

(3.16.2) 1A7H (T2) = Pasal < [H f@i) | o(T)" || — Parl]
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and

%m—mﬁn.

Thus it is natural to ask whether one of these bounds is always better than the
other. In other words, do either one of the following two inequalities always hold:

(3.29.1) A% (Tx) — Pyra|| <

n—1 1

(a) II[ flx;) < W for all n > 2,
1 n—1

(b) PR < 1:[ f(z;) for all m > 27

We now show that neither of these two inequalities always holds. To see that
inequality (b) does not always hold, consider the example when X = /¢5(2) is
the Euclidean plane, M; (resp., M) is the horizontal (resp., vertical) axis, and
T = Py, Pa, Par,. Then T =0, M = Fix T = {0}, ¢(T) = ||[TPy2|| =0, f(z) =0
for all x € ¢3(2), and ﬁ(T) = 1. Hence

n

1
f(z;)) < ——== for every n > 1.
1:[ RNPEEOIE
To see that (a) does not always hold, let X = ¢5(2) denote the Euclidean plane

and define T on X by T'(ae; + fez) = %ael + %ﬁeg. Then T is a nonnegative

selfadjoint linear operator on X, M = FixT = {0}, and ¢(T) = | T|| = $5. Letting
To 1= %61 + }—362, we can easily deduce that z; := Tzo = %el + ez, Tay =
BoLer + mggear tay = STl = 10 and Ap(zr) = tp, Ty + (1 te,)z1 =
M6 — fres. Hence, f(a) = lorlzll — 1000(-056)5 — 0.9913034925- - and
5oy = 101 = 0-9900990099 - - - implies that

2%@ < flan);

so (a) fails for n = 2.

Proof of Lemma 3.27. We should first note that ¢; + c3 < 2, and hence the expres-
sions on the right side of both (3.27.1) and (3.27.2) are well-defined. For otherwise,
c1 = cy = 1and (z,Tx) = 1 for all x € M+ with ||z|| = 1. By the condition of
equality in the Schwarz inequality, this implies that 2 = Tz for all z € M*. That
is, M+ C M and so M+ = {0}. But this implies that ¢; = ¢z = 0, a contradiction.
It follows also that E(cy,cz2) > 0.

In the notation of Lemma 3.25, we must show that

(3.27.2) |A7r(y)|| < E(ci,c) |yl for every y € M.

If M+ = {0}, then (3.27.2) is obvious; both sides are in fact 0. Thus we can assume
M~ #{0}. Fix any y € M+ \ {0}. By scaling and Lemma 3.8(4), we may assume
|ly]| = 1. Let

N :=span{y, Ty}.
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Then N C M+ by Lemma 3.3(4) and 1 < dim N < 2. If dim N = 1, then Ty = ay
for some scalar a # 1 and thus

0 € span{y} = span{y, Ty} = aff{y, Ty}
implies Ar(y) = 0 since Ar(y) is the point in aff{y, Ty} having minimal norm by
Theorem 3.7. Hence, (3.27.2) holds and we may therefore assume that dim N = 2.
In particular, Ty ¢ span {y}.

Define the operator S := PyT Py. Then S is a compact selfadjoint (nonexpan-
sive) operator with R(S) C N, and thus n := dimR(S) < 2. But both y and Ty
are in IV; so

Sy =PNTPny=PyTy=Ty
implies that Ty € R(S) and hence 1 < n < 2. By the spectral theorem [3, Corollary
5.4, p. 47], there exist an orthornormal basis {e;}7 of N(S)*(= R(S)) and scalars
{Ai}} such that

(3.27.3) Sy = Z Ai{x,e;)e; for every x € X.
1

In particular,
(3274) Sej = )\jej (j = 1,...,TL);
so each e; is an eigenvector of S with eigenvalue ;. Also,

Aj = (Ajej,e5) = (Sej,e5) = (PNTPnej, €;5)

(3.27.5) = (I'Pnej, Pnej) = (Tej, e;5)
since each e; € R(S) C N. Since N C M=, this proves that
(3.27.6) <A <c (j=1,...,n).
We consider two cases.
Case 1. n = 1.
Then since

N =R(S) @ [R(S): NN,
dim N = 2, and dim R(S) = 1, it follows that dim[R(S)+ N N] = 1. Hence we can
choose ez € R(S)Y N N with |lez|| = 1 and define Ay = 0. Then {ey, ez} is a basis
for N, and Sez = 0 = Ageq. If follows that (3.27.3)—(3.27.6) hold with n = 2.

Case 2. n = 2.

Then R(S) = N and (3.27.3)-(3.27.6) holds with n = 2.
Thus each case can be reduced to the case when n = 2.
If E(c1,c2) > 1, then (3.27.2) is obvious since then

[Azr(2)]| < lz]| < E(er, e2) ||

for each x, where (3.7.5) was used for the first inequality. Thus, we may assume
that 0 < F(c1,c2) < 1. By Lemma 3.25, this is equivalent to (1 — ¢1)(1 — ¢2) > 0.
That is, either 1 — ¢y >0 and 1 —c; > 0,0or 1 —c; < 0and 1 — ¢y < 0. But the
latter inequality implies c2 > 1 which contradicts the nonexpansiveness of T'. Thus,
we must have 1 —c¢; > 0 and 1 — ¢co > 0. That is,

(3.27.7) 1< <N<ea<l (j=1,2),
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where the lower bound ¢; > —1 is also a consequence of the nonexpansiveness of T'.
Moreover, since {eq, e2} is an orthonormal basis for NV and since y and T’y are in

N, we have y = E? ae; and Ty = Sy = E? Aiaie;, where a; == (y,e;) (i = 1,2).

Then by (3.5.3) and using the fact that of + o3 = ||y||?> = 1, we deduce that

(y,y — Ty)?
AT y 2 = y 2 g I
A7 ()| = [l PEE
<Zi Q€4 Z? Qi€ — Z? )\i()éiei>2
122 qies — 32 Miae |2
2
USRS
a2(1 - M)

Putting the expression on the right over a common denominator, expanding, and
simplifying, we obtain
afai(As — \1)°
a?(1—X)2+a2(1— )2’
If Ay = Ag, then (3.27.8) implies that Ar(y) = 0 and (3.27.2) is obvious. Thus we

may assume that A\; # Ao. In fact, by reindexing if necessary, we may assume that
A1 < Az. Define b : [0,1] — R by

(3.278) lAr () =

_ t1 =) (A2 — Ap)?
(3.27.9) h(t) := H1—=A)2+ (1 —t)(1 = N)2

Since a? + a3 = 1, we see that (3.27.8) implies that
(3.27.10) |Ar(y)]|? < max{h(t) |0 <t <1}.

But h(0) = h(1) = 0 and h(t) > 0 for all 0 < ¢t < 1. Hence the maximum of h
over [0, 1] occurs for some ¢ € (0,1) that satisfies h'(¢) = 0. Differentiating h and
expanding, we deduce that

[ta® 4+ (1 — t)b?]2h/ (t) = (a — b)? [t(b— a) — b] [t(a + b) — b],

where 0 < b:=1—Xy <1—X; =:a. Hence h'(t) = 0if and only if t = b/(b—a) < 0
ort = b/(a+b) € (0,1). Hence the maximum of h over [0,1] is attained at
t=>5b/(a+0b). Thus

b a—b\> =M \° 2
orgtaé{lh(t)_h(a—kb)_(a—kb) _<2—>\2—)\1) = B, 22)"

Combining this with (3.27.10), we obtain that ||Ar(y)||? < E(\1, A2)? or, equiva-
lently,

(3.27.11) [Ar (W)l < [EA1, A2)| = E(A1, Az).

By Lemma 3.25, E(-, A2) is a decreasing function so that by (3.27.7), we get
(3.27.12) E(A1,A\2) < E(e1, Ma).

On the other hand, by Lemma 3.25, E(c1, ) is an increasing function. By (3.27.7),
it follows that

(3.27.13) E(Cl,)\g) S E(Cl,Cg).
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Combining (3.27.11)-(3.27.13), we obtain
(3.27.14) [Ar ()|l < E(c1, c2),
and this is just (3.27.2). O

Remarks. It is perhaps worth noting that the inequality (3.27.2), and hence the
main inequality in each of Theorems 3.28 and 3.29, is sharp, at least for a large class
of operators T'. More precisely, one can prove the following result. If T : X — X is
selfadjoint, nonexpansive, has finite rank, and is not the identity, then there exists
x* € M+ with ||z*|| = 1 and

n
C2 — C1
| %x*”:(m) l*|| forn=0,1,2,....

Our proof of this result was divided into two cases: when R(T) # X and when
R(T) = X. Since the proof was somewhat lengthy, we have omitted it.

Finally, we should mention that there are examples of expansive, selfadjoint, and
positive mappings T' for which the algorithm (3.1.3) diverges for every nonzero z,
but the accelerated counterpart (3.1.4) converges! That is, it is not always necessary
to have the original algorithm converging to be able to accelerate it.

For example, let X be the Euclidean plane ¢5(2) and define T : X — X by
Tz = 3z(1)e; + 4x(2)es. Then T is selfadjoint and positive, M := FixT = {0},
and ||T]| = 4 (so T is expansive). However, ||[T"z| > 3"||z| and ||A%(Tz)|| <
37" F1|z|| for every x. This shows that | T"x — Pyx|| — oo for each x # 0, while
| A%~ (Tx) — Pyr|| — 0 for each .

Added in proof. Recently, there has been related work that has appeared since
this paper was first submitted to the Transactions in July of 1999.

First, the authors of this paper showed that the iterates g = =, x, = Ap(Txp—1)
for n > 1 generated by the accelerated map for a linear nonexpansive map T
converge weakly to Prixr(x) (Fejér monotonicity and weak convergence of an ac-
celerated method of projections, Canadian Math. Soc., Conference Proceedings,
27(2002), 1-6). This generalizes the relation (3.24.10) above.

F. Deutsch (Accelerating the convergence of the method of alternating projections
via a line search: a brief survey, in Inherently Parallel Algorithms in Feasibility
and Optimization and their Applications (edited by D. Butnariu, Y. Censor, and
S. Reich), 2001, Elsevier Science, 203-217) gave a survey of line search methods for
accelerating the convergence of the method of alternating projections.

J. Xu and L. Zikatanov ( The method of alternating projections and the method of
subspace corrections in Hilbert space, J. Amer. Math. Soc., 15(2002), 573-597) gave
an identity for estimating the norm of a product of nonexpansive linear operators
on a Hilbert space.
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